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This paper presents an extension of a finite element formulation based on a weak form of the necessary conditions
to solve optimal control problems. First, a general formulation for handling internal boundary conditions and
discontinuities in the state equations is presented. Then, the general formulation is modified for optimal control
problems subject to state-variable inequality constraints. Solutions with touch points and solutions with state-
constrained arcs are considered. After the formulations are developed, suitable shape and test functions are chosen
for a finite element discretization. It is shown that all element quadrature (equivalent to one-point Gaussian
quadrature over each element) may be done in closed form, yielding a set of algebraic equations. To demonstrate
and analyze the accuracy of the finite element method, a simple state-constrained problem is solved. Then, for a
more practical application of the use of this method, a launch vehicle ascent problem subject to a dynamic pressure
constraint is solved. The paper also demonstrates that the finite element results can be used to determine switching

structures and initial guesses for a shooeting code.

Introduction

PPROACHES to the numerical solution of optimal control

problems may be classified in two categories: direct meth-
ods and indirect methods. Among the direct methods are those
that transcribe the (infinite-dimensional) continuous problem to
a finite-dimensional nonlinear programming problem (NLP) by
some parameterization of the control histories and (possibly) the
state histories. Continuing advances in NLP algorithms and re-
lated software have made these the methods of choice in many
applications.!2

Indirect methods are based on finding the solution of a boundary-
value problem that results from the first-order necessary conditions
of optimal control.>** For many practical optimization problems the
boundary-value problems are quite difficult, but here, again, mod-
ern numerical algorithms and associated software have enlarged
the class of solvable problems significantly.>~7 The virtue of the
indirect methods is the high precision they offer and their rapid con-
vergence in the immediate neighborhood of the optimal solution. In
addition, optimal trajectories are often composed of sequences of
arcs along which various state or control constraints are alternately
active and inactive (referred to as the switching structure).®? NLP-
based approaches can have difficulties in correctly identifying some
switching structures.

Shooting methods!? are indirect methods that yield numerically
exact solutions. Unfortunately, shooting methods are, in general,
very sensitive, and it may be difficult to obtain a converged solution
without good initial guesses for the costates. Therefore, another type
of indirect method may be needed to 1) produce initial guesses for
a shooting method and 2) identify the optimal switching structure.
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A finite difference method!® is one candidate method. This paper
presents another alternative, namely, a finite element method based
on a weak formulation of the first-order necessary conditions of
optimality.

Finite element methods, including some based on Rayleigh~Ritz
and Galerkin methods, have been used to solve optimal control
problems (see, for example, Refs. 11 and 12). All these meth-
ods suffer from some computational challenges. For example, the
approximating functions must satisfy all strong boundary condi-
tions, which means that one set of functions will not suffice for all
types of problems. Also element quadrature must be done by nu-
merical means, which greatly increases the computational effort.
The method presented in this paper avoids these two problems by
reformulating the variational problem such that all boundary con-
ditions appear as natural boundary conditions. This way, the sim-
plest possible approximating functions are allowed for all cases,
and all element quadrature may be done by inspection. This pa-
per presents an extension of the theory developed in Refs. 13 and
14 to include optimal control problems subject to state-variable
inequality constraints.

A treatment of optimal control problems with internal boundary
conditions was given in Ref. 14. The formulation was explicitly
derived for a problem with only one internal boundary condition.
The present paper develops the algebraic equations for an arbitrary
number of internal boundary conditions, and these equations are
more directly obtained than those in Ref. 14. Additionally, the treat-
ment of state constraints will be handled. Finally, two examples are
included to demonstrate some of the features of the finite element
method, particularly the accuracy and use of the approximate an-
swers in obtaining the switching structure and initial guesses for a
shooting method.

Problem Definition

Consider a system defined over a time interval from #, (initial
time) to ¢ (final time) by a set of # states, x, and a set of m controls,
u. The states of the system are governed by a set of first-order
differential equations referred to as state equations. During the time
interval from ¢, to ¢, there may be state constraints to satisfy (control
constraints are discussed in Ref. 15), discontinuities in the states,
or discontinuities in the state equations at interior points (times
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between #, and ¢;). These interior points, along with the initial and
final points, will be referred to as events (the initial time is event 0),
and the time interval between events will be referred to as phases.
The time of event i will be denoted by ¢ and times just before and
after ; will be denoted by 1 and ", respectively. All event times
will be considered unknown except f,.

Elements of a performance index may be denoted with an inte-
grand LO[x(¢), u(s)] and a discrete function ¢ of the states and/or
times at any of the events. A general class of such problems with N
phases involves choosing u(¢) to minimize

T=o[x(ig), x (7). 2 (). ... x (55 )i fou 11 o 1]

+ Zf LOLx (1), u()] dt )

subject to the state equation constraints

X = fOl@), u@)] LN Q)

thy<t<t,  i=1
with g boundary conditions specified as

w[x(t(;r), x(e0), x(t). ..

Introducing Lagrange multiplier functions A(t), referred to as

costates, and discrete Lagrange multipliers v, for convenience, we
define ® and H

()it t o tn] =0 (3)

d=¢p+viy HO =LO 1 TfD  j=1...,N @
A general multiplier theorem states' that the optimal solution fur-

nishes a stationary point to the augmented cost function

Ja=¢+Z/ (HO —ATx)dr )

i=1

Consider now the case where there is a state constraint of the form
S(x) < 0 imposed on the problem. To define the order of the con-
straint S, successive total time derivatives of S are taken and f (x, u)
is substituted for x until an expression explicitly dependent on the
control u is obtained. If p total-time derivatives are required, then
S is called a pth-order state-variable inequality constraint. With the
imposed constraint, the optimal trajectory may 1) never violate the
constraint, 2) touch the state constraint at one or more instances in
time (touch points), 3) remain on the curve S = 0 for one or more
finite amounts of time (a boundary arc), or 4) have some combina-
tion of boundary arcs and touch points. The sequence of constrained
arcs, unconstrained arcs, and touch points will be referred to as the
switching structure.

One problem facing the analyst trying to solve a state-constrained
problem is finding the switching structure of the constrained arcs.
Some general guidelines are given in Refs. 17 and 18. Assuming
that the hodograph of the problem is strictly convex'® (also referred
to as a regular Hamiltonian), it has been shown that the control
must be continuous across a junction point. In this case, for a scalar
state constraint, Ref. 17 proves that only touch-point solutions are
possible for odd-order constraints of order greater than 2. In Ref. 18,
it is shown that first-order constraints have boundary arc solutions
except under three uncommon conditions. Second-order constraints
can have touch-point or boundary arc solutions depending on the
constraint limit.

Touch-Point Cases

For the special case where the trajectory only touches the curve
S = 0 at discrete instances of time, the problem defined in Eqgs. (1-
5) is of the proper form. For example, if there were only one touch
point occurring in the solution (at some unknown time), then the
conditions that S(¢;) = 0 and the continuity of all states at time ¢,
fi.e., x(t7) — x(#;7) = 0] would be added to the vector ¥ of Eq. (3).
Note also that the problem would now have one additional phase
due to the extra event at 7.

Boundary Arc Case

Consider the situation where the solution has one unconstrained
arc between #; and #; followed by a constrained arc between #; and
t; and then another unconstrained arc between # and ¢/ (or ¢3). The
augmented cost function defined in Eq. (5) is modified in the second
phase to include the state constraint. As is done in Refs. 20 and 21,
successive time derivatives of the state constraint are taken until the
control appears explicitly, say in the pth derivative. Then, to enforce
the condition d?§/d¢? = 0O for time between #; and #,, the term

drs

U (©)

is added to the integrand of Eq. (1) and the augmented cost function
of Eq. (5) takes the form

J=<I>+XN: g HO — ,\TernE dt (7
a ' ) dp

Here, 7 is a new multiplier function of time that is nonnegative for ¢
between #; and #, and is identically zero for ¢ between ¢, and #; and
t between 1, and ¢¢. The continuity of the states at #; and ¢,, namely,

x(tf)—x(tf):O x(tz‘)—x(t;)zo ®)

and the tangency conditions on the state constraint S,

ds a-157"
T[x(t;r)]z[s e W] =0 ©

are enforced by adding Egs. (8) and (9) to the constraint vector
of Eq. (3).

Derivation of the Weak Formulation

In this section, a variational formulation for solving optimal
control problems subject to state-variable inequality constraints is
developed. It will be shown that the formulation has no strong bound-
ary conditions (i.e., boundary conditions requiring the virtual, or
variational, quantities to be zero) but only natural, or weak, bound-
ary conditions (i.e., those determined by setting the coefficient of
a virtual quantity to zero). This allows the test functions (which
approximate the virtual quantities) and shape functions (which ap-
proximate the dependent variables) to be chosen from a less restric-
tive class of functions; indeed, the same test and shape functions
may be chosen for every optimal control problem. Thus, a general
set of algebraic equations will be developed that will not have to be
altered (in terms of numbers of equations) depending on the type of
boundary conditions. Hence, this formulation is also referred to as
a weak formulation.

The derivation of the weak formulation begins by expanding the
augmented cost function of Eq. (5) into a Taylor series about the
optimal solution. When the higher order terms are neglected and an
integration by parts is done, this yields (see Ref. 20)

o\ T
— T( ) _ T dH
sJ, ;f SAT(F — i) + bx (8x>
3H® 3d
su [ ——) Yar
o (2 )} +Z[

7))

i=1

N-1
S

i=0 E)x( i
1
Hfeoro o
3<D
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where §x(¢) signifies the perturbation of x when ¢ is considered
fixed and dx(¢) signifies the perturbation of x due to changes in x
and £.

The first-order necessary conditions of optimal control re-
quire that §J, = O for all independently chosen perturbations
dey, ..., diy, dv, dx (i), dx (1)), dx (¢, . . ., dx(y), 8x(8), SA(1),
and Su(t). Hence, the discrete boundary condition terms are

%?+H(i)(ti’)—H(i+l)(ti+)=0 i=1,2...,N-1(11)
% +HM () =0 (12)
Plx(). x (1) o x(t7)ito. - ] =0 (13)
aj((z_)—ﬂ(;)zo i=1,2,...,N (14)
ajé)HT(t;‘):o i=01,..,N-1 (5

where Eq. (12), for instance, is obtained by setting all variations
equal zero except for dty. It is straightforward to put Eqgs. (11-15)
into discretized form.
Using the conditions in Egs. (11-15) to simplify the expression
8J, = 0 of Eq. (10) and then integrating by parts yield
o
v o ()

t
i

3

i=1 Y

dx

1

aHO\”
u

F [ () =59 )]

i=1

N-1
+ Y [8aT(5)x () — axT(5) ()] (16)
i=0
Equation (16), when taken with Eqs. (11-15), is called the weak
formulation of the first-order necessary conditions for the optimal
control problem defined in Egs. (1-3). Equations (11-16) will be
used for the finite element discretization scheme described in the
next section. Note that after the integration by parts no time deriva-
tives of x or A appear in Eq. (16).

If the optimal solution contains a touch point of a constraint, then
the weak form defined in Egs. (11-16) is still valid. As stated earlier,
the effect of the touch point is reflected as a change in the number
of phases and in the boundary conditions listed in .

If the optimal solution contains a boundary arc of a con-
straint, then Eqs. (11-15) remain valid. However, H® is redefined
to be

[N 40} T £@) Sﬁ_‘g
HY =LY 4+ A" f +ndt1) amn
for phase(s) i, which have an active state constraint. Addition-
ally, in Egs. (10) and (16), the term 8%(d?S/dt?) is added to the
integrand.

Finite Element Discretization
Let the time interval from t,.+_ | to £ be broken into M; elements,

wherei = 1,2, ..., N. For convenience, define
i
M=) "M; for i=12...,N (8)
j=1

and define My = 0. This yields a subdivision of the original time
interval from fy to ¢y into My subintervals. The boundaries of

these subintervals are called nodes and are denoted by t® for
=1,2,...,My + 1. Note that 1o = tV, f; = r™*D and ¢, =
ty = tM¥+D_ A nondimensional elemental time 7 is defined as

t—1® t—1®

so that 0<t=<1l (19

TS0 0 - A0
Since first-order time derivatives of 8x and 84 appear in Eq. (16),
linear shape functions are chosen for 8x and A along the ith interval
1t <t <t@+D fori =1,2, ..., My. Since no time derivatives of
du appear (or 87 if there were a state constraint active in a particu-
lar phase), then piecewise constant shape functions may be chosen
along each interval. The following functions were chosen:

dx =08x (1 — 1) +dx 7 20y
SA=0AT(1— 1)+ 8A T @n
and (with 8 defined as the Dirac delta function)
Su = i} 8p(r) + 8it; + 8, Sp(r — 1) 22)
&n = & 8p(v) +87; + 8if;,, Sp(r — 1) (23)
The Dirac delta functions appearing in the discretization of du and
én have the effect that the associated parts of the integrand of
Eq. (16) are forced to zero pointwise wherever the delta functions
have nonzero values.

Since no derivatives of x, A, u, or n appear in Eq. (16), piecewise
constant shape functions are chosen to be

£ if =0
x=1X if O0<t<l (24)
b if =1

A if =0
i if O0<t<l1 25)

i+l if =1

u; if T=1

A if =0
0<t<l1 Q27
i if T=1

i if

a; if =0
u=1 i if O<t<1 (26)

szf bzy §z5 6z3 §z3 LN Szg
| | l (i | |
{ [ ] I [ 1
i) #? i® i (8) $(6)
3% 53z 83 8 W s 3%
| | il | | |
| | Il 1 I 1
v i) t® o] (%) (6)
st sy baF Sitg
| iy | iy Il Siig | Sty | Siis |
1 1 H | | 1
1) 2 13 FicH (%) %)
ot b5 nF i
| 57t ] 177} b1 | 674 | 575 |

il
{ i Il I | |
(1) 2 13 1@ 1(8) #(8)

Fig. 1 Location of independent variational quantities for éx, 6, 6u,
and é7.
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Fig.2 Location of unknowns for x, \, ¥, and 7.

The superscript minus and plus signs in Egs. (20-27) signify values
just before and after the nodal times ¢®. For all nodes except event
nodes the values for x and A, as well as for dx and A, are equal
on either side of the node. In other words, only at an event are the
states, costates, and their variations allowed to jump in value. For
an example case with M; = 2 and M, = 3, the quantities defined
in Egs. (20-23) are shown on a timeline in Fig. 1, and the quantities
defined in Eqs. (24-27) are shown in Fig. 2.

After substituting t for ¢ and inserting the above shape functions
into Eq. (16), the element quadratures can be carried out analytically,
yielding an algebraic equation. Since Eq. (16) must be satisfied for
all independently chosen perturbations éx, §A, and éu (8n also if
the optimal solution involves a state-constrained arc), Eq. (16) is
transformed into the discretized condition that

N
At
+T et z
§ :<6)‘Mj_1+1( Koyt T b1 T fM/ 1+1)

j=1
}\+ oH
M 1+1 M+l MJ 1 2 Bx iy 41
A\ +T an +
JH . drs
(,)—:) +3ﬂ:—,._1+1 (d_t;)
Ju Mj_1+1 / My_;+1

_ At; - _ At; -
SXiT(—xiq - _Ziﬁ'—l + X~ —;—f;)

PC [( i>f}+aﬁf[<%%?—>,.]}

+6k;4 +1< X5z
T
- At; (0H ~
-T B if e 3=
+8xMj+l[AMj_T(ai). )\Mj_H]
M
AN =T AN —
oH drs
+8a T | (= 8= = =0 (28
M+l |:( o )M,«H:l " nMjHl:( de? )M,+1]> =

In Eq. (28), note that the superscript minus and plus signs are
dropped except at the event nodes where discontinuities may take
place in both the state and costate quantities and the variational
state and variational costate quantltxes Also, H=HGE, i, 7).
f=f@&a),S5=S®),H=HG®Ei,iH),and § = S&). Addi-
tionally, we have taken the elements within each phase j to be of
constant width A¢;. Furthermore, note that there would be no 87
equations in phases that have no active state constraints. Finally, in
the above equation, 8% terms should appear at every node; however,
the 84 terms at internal nodes are decoupled from the other ones and
may be used to solve for internal nodal values of the control after
the other unknowns have been solved.

When the shape functions for x, A, and u as defined in
Eqgs. (24-26) are substituted into the boundary conditions of
Eqgs. (11-15), the following equations are obtained:

o

5 + -
E:+HM1+1 HM,+1 0 i=12,...,N=-1 (29
LY S
o™ H, ., =0 (30)
V[E 25 o g it ] =0 €2
3¢ .,
— 3T -0 i=12,....N (32)
i)i(ti_) Mi+1
3P .
AT =0  i=0,1,...,N—1 (33)

af(ti+) + M;+1

Now, in Eq. (28), the coefficient of each arbitrary virtual quantity
(6x, 6A, 8u, and 8n) must be set equal to zero in order to satisfy the
equation. When the coefficients are set to zero and these equations
are combined with Egs. (29-33), the result is a sparse system of
nonlinear equations whose size depends on the number of elements.
A summary of the number of equations and unknowns is now given.

Summary of Equations and Unknowns

Assuming there are no state constraints for the moment, for any
given phase {, the unknowns appearing in Egs. (28-33) are the barred
quantities for each element for x, A, and u, along with the hatted
(nodal) quantities at the beginning and end of each phase for x,
A, and u (see Fig. 2). Thus, there are a total of 2n + m)(M; + 2)
unknowns for the ith phase. Summing these over N phases results in
(2n+m)(My +2N) total barred or hatted quantities for x, A, and u.
In addition to these unknowns, there are ¢ unknown multipliers v
and the N unknown times 1, &, . . ., ty. Therefore, the total number
of variables to solve foris 2n + m)(My +2N)+q + N.

For any given phase i, the equations appearing in Eq. (28) are
the coefficients of dx, §A, and du when set equal to zero. Since
the dx and §A quantities appear at each node (see Fig. 1), there are
2n(M; + 1) equations for the ith phase. Also, Egs. (32) and (33)
provide 2n additional equations for each phase. Since the §u quanti-
ties appear at the end nodes of each phase, and also at the midpoints
of each element (see Fig. 1), there are m(M; + 2) equations. The
total number of equations, then, from phase i is 2n +m)(M; 4+ 2).
Summing these over N phases results in (2n +m)(My + 2N) total
equations. Additionally, Eq. (31) provides g equations, and Eqgs. (29)
and (30) provide N equations. Thus the total number of equations is
@n+m)(My +2N)+q+ N, which agrees with the number of un-
knowns.

If there was one active state constraint on a particular phase i,
then there would be some additional unknowns and equations. The
unknowns would be the barred quantities for n at the midpoint of
each element and the hatted quantities for n at the end nodes of the
phase, for a total of M; + 2 unknowns. Additional equations are
available to solve for these unknowns from setting the coefficients
of 8n equal to zero. Since the §7 quantities appear at the end nodes
of each phase, and also at the midpoints of each element, there are
M; +2 equations. Thus, there are still the same number of equations
as unknowns.
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Example 1: A Second-Order Problem
Consider the double-integrator problem in Sec. 3.11 of Ref. 20.
Let x and v define the position and velocity of a particle in rec-
tilinear motion. The problem is to choose the control force u to

minimize
n
1
J = f —ulde
o 2
subject to X = v, ¥ = u and the state and time boundary conditions

x (o)
v() — 1
Y= x(t1) =0 (34
v(t) +1
n—1

The problem is complicated when a second-order state inequality
constraint is added of the form § = x — L, where L is a constant.
The first and second total time derivatives of S yield § = x = v
and § = v = u. The state constraint is not active for L > 0.25.
For certain lower choices of L, the solution exhibits a touch-point
behavior, and for other L the solution rides a boundary arc.

The Variational Trajectory Optimization Tool Set program de-
scribed in Ref. 7 was used to obtain all the finite element results
presented in this paper. This code attempts to find a solution of
the algebraic equations in Egs. (28-33). Figure 3 shows the dis-
placement of the particle and Fig. 4 shows the control history.

0.25
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@ d .
£ 0.159
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Q \
ks
Q014 oo e e W
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i v Unconstrained; FE(4) 3
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==~ L=0.1; Exact
¢ L=0.1;FE(4:4:4)
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Time
Fig.3 Displacement vs time for example 1.
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Fig.4 Control vs time for example 1.

Table 1 Allowable values of constraint limit for
touch-point solution vs number of elements

Elements Minimum value of L for
per phase touch-point solution
2:2 0.125 (0.124)

4:4 0.146 (0.145)

8:8 0.157 (0.156)
16:16 0.162 (0.161)
32:32 0.165 (0.164)
Exact 0.16666666

Note: Numbers in parentheses denote values of L where con-
straint is violated.

Table 2 Allowable values of constraint limit for
boundary arc solution vs number of elements

Elements Maximum value of L for
per phase boundary arc solution
2:2:2 0.1875 (0.1876)
4:4:4 0.1718 (0.1719)
8:8:8 0.1679 (0.1680)
16:16:16 0.1669 (0.1670)
32:32:32 0.1667 (0.1668)
Exact 0.16666666

Note: Numbers in parentheses denote values of L where
<t

In the figures, the exact unconstrained solution is graphed versus
a four-element finite element solution. Also, a touch-point case
(with L = 0.2) is graphed versus a finite element run with four
elements in each phase, denoted by FE(4:4). Finally, a value of
L = 0.1 was chosen to demonstrate the exact solution versus the
finite element solution (four elements per phase) for a boundary
arc case. It is seen for this simple example that there is excel-
lent agreement between all results for both the displacement and
the control.

For states and costates it is appropriate to plot the nodal val-
ues since the midpoint, or bar values, are just an average of the
nodal values. Hence, for a four-element solution, there will be five
distinct points. For the control, however, repeated use of the opti-
mality condition d H/du = 0 supplies information about the con-
trol at the nodes and midpoints; thus, there are nine data points
for a four-element solution. Note, however, that only the mid-
point values are used in the actual discretized state and costate
equations.

Of greater interest in this problem is the accuracy with which the
finite elements approximate the switching structures (i.e., whether
the solution is unconstrained or has a touch-point or boundary
arc solution). For this particular example, the finite element ap-
proach identifies the exact unconstrained value of L = 0.25 for
the displacement. However, the value of L for which there is a
touch-point solution or a boundary arc solution is a function of the
number of elements. The numerical values displayed in Table 1
were generated by assuming a touch-point solution. Table 1 shows
the smallest value that L can take and still yield satisfactory re-
sults. For instance, when running just two elements per phase (the
first row of the table), L could be set as low as 0.125 and still
yield an approximate answer that satisfies all the discretized nec-
essary conditions. If, however, L = 0.124, then the discretized
answer violates the constraint limit before and after the touch point
(which always remains at ¢ = 0.5). As the number of elements is
increased, the allowable values for L increases toward the exact
value of 1/6.

Table 2 was generated under the assumption that a boundary arc
case existed. This table displays the maximum value of L versus
the number of elements where a boundary arc solution exists. For
example, with two elements per phase, we could set L = 0.1875. At
this value of L, the entry and exit times are almost equal (approxi-
mately 0.5 for each). At L = 0.1876, the code produces a solution
such that the exit time #, is less than the entry time ¢;, a nonsense
solution.
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By comparing Tables 1 and 2, it appears that fewer elements
per phase are required to approximate the limiting value between a
touch-point solution and a boundary arc solution (L = 1/6) when
assuming the boundary arc solution. It is not known if this is true
in general.

Example 2: Constrained Rocket Trajectory Problem

A constrained launch vehicle will now be examined to evaluate
the usefulness of the finite element method in obtaining optimal
trajectories for a more difficult problem. Consider the following
model of a two-stage rocket with the states chosen to be mass m,
altitude 4, velocity V, and flight-path angle y and the control to
be the angle of attack «. The problem is to choose o to minimize
J = ¢ = —m(¢;) subject to the dynamic equations

T
glyp
h=Vsiny
. Tcosa—D pusiny (35)
V= - ==
m r
. Tsina+ L \%4 "
= — — —— ) cos
4 mV +(r r2V) 4

where T = T,c — A, p, Ty, is the thrust in a vacuum, A, is the exit
area of the nozzles, p is the local atmospheric pressure, I, is the
specific impulse, g is acceleration due to gravity at sea level, u is
Earth’s gravitational constant, and r is the distance from the center
of Earth to the vehicle (radius of Earth R, plus altitude /). Defining
p as the density, S as the reference area, and C, and Cy as the axial
and normal force coefficients, respectively, the dynamic pressure g,
the drag D, and the lift L are defined as

q=3pV*
D = qS(C, + Cyo?) (36)
L=¢gS(Cy—C)u
The numerical values for the physical constants are © = 3.986 x

10" m’/s?, R, = 6.378 x 10° m, and g = 9.81 m/s?. The propulsive
model used was

Tae = 1.2975 x 10’ N before staging

Toae = 2.5950 x 10° N after staging

A, =19.115m?>  before staging 37
A, =3.823m? after staging
I, = 430.55s

and the atmospheric and aerodynamic model was
p = 1.225 exp(—h/8600) kg/m®

p = 101,325 exp(—h/7600) Pa
(3%
S =55.18 m

C,=03 Cy=3l1

We note that constant values for the aerodynamic coefficients are
unrealistic; however, this assumption does simplify the numerical
operations needed to solve the problem. Also, for numerical sim-
plicity, all aerodynamic and atmospheric terms were neglected after
staging, since they are extremely small beyond this point in the
trajectory.

Defining m, = 890,150kg, h y = 148,160 m, and V; = 7854 m/s,
all the state and time boundary conditions required for the finite
clement formulation are listed below for the unconstrained and
constrained cases. For the unconstrained case, this is a two-phase

problem where the change in phase is dictated by a known staging
time. The boundary conditions are

m(to) — my
h(ty) — 60
Vte) — 25
y(to) — 1.5

m(th) = m(17) +29,920
h(ef) = (i)
V() - v(x)
r(5) -7 ()
h(t) — hy
V) — Vs

y(%2)
f — 195 J

A dynamic pressure constraint is now added to the problem of the
form S(k, V) = g — g < 0. This is a first-order state constraint, as
is seen by taking the first total time derivative, substituting in values
for p, k, and V and simplifying to obtain the following control-
dependent algebraic constraint that must be enforced during the
time interval that ¢ = gjip:

Tcosa — D(e) psiny  V2siny

2% 8600 0 9
This constraint will be enforced as one boundary arc occurring be-
fore the staging time. Thus the first phase of the unconstrained prob-
lem will be broken into three phases consisting of an unconstrained,
constrained, and unconstrained arc, followed by the final phase from
staging to the final time. The boundary condition vector must also
be modified to include the tangency conditions and extra internal
boundary conditions. The vector is

m r2

( m(tp) —mg ]
h(ty) — 60
V) — 25
y(t) — 1.5
Q(tfr) — qiim

x(1) - x(17)
x() - x()
v=1m()-m(57)+29,920 t =0
() — (1)
V() - v(s)
r(5) - r(5)
h(ty) ~ hy
V)~ Vy

y(t)
ty — 195

where x = [m h V y17. For the generation of the numerical re-
sults that follow, the states were normalized in a simple manner
by defining i = m/mo, h = h/hy, and V. = V[V, where m,
is the initial mass and k¢ and V are the final altitude and veloc-
ity, respectively. Normalizing the states automatically scales the
costates.

Obtaining guesses for a small number of elements is generally
easier than for a large number of elements. Additionally, once a
solution has been found for a few elements, more elements may be
added readily in many cases. For example, Table 3 was produced
after a two-element-per-phase, unconstrained solution was found
(a very crude approximation). By linearly interpolating the solution,
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Table 3 Buildup of finite element values

Elements Average Number of
per phase initial error iterations
4:4 2.60015 x 1072 5
8:8 9.93419 x 1073 4
16:16 2.35328 x 1073 3
32:32 4.81494 x 10~ 3

60—

50 [

g unconstrained; Shooting
v qunconstrained; FE(8:8)
------- max q = 45kPa; Shooting
------------- max q = 35kPa; Shooting
————— max q = 25kPa; Shooting
* maxq = 25kPa; FE(4:4:4:8)

Dynamic Pressure (kPa)
T

T " T T T —
0 100 200 300 400 500
Time (s)
Fig. 5 Dynamic pressure history.

1.2

1.0
(]
< d
=]
= 0.8
=
< J
8 0.6
N
© ] ,
e 0.4 q unconstrained; Shooting
o q unconstrained; FE(8:8)
pd 1 2 e max q = 45kPa; Shooting

0.2 - max g = 35kPa; Shooting

J ————— max q = 25kPa; Shooting
s max q=25kPa; FE(4:4:4:8)
0.0 —— 7T T ]

0.0 0.2 04 0.6 0.8 1.0
Normalized Velocity

Fig. 6 Normalized altitude vs normalized velocity profile.

new initial guesses were computed for a four-element-per-phase
solution. These new guesses yielded an average initial error of the
algebraic equations of 2.60015 x 1072, as displayed in the second
column. The last column of Table 3 displays the total number of
iterations, using a Newton method, required to obtain a converged
solution. The 4:4 solution was then used to obtain initial guesses for
the 8:8 case, and similarly, the table was completed. It is seen that
the initial error continually drops, as does the number of iterations
required for convergence. Doubling the number of elements has
proven to be a quick and easy way of obtaining reasonably accurate
answers that may be used in a shooting code as initial guesses.
Some of the results are shown in Figs. 5-10. In all of the figures,
the unconstrained shooting results are shown, along with the uncon-
strained finite element results taken with eight elements per phase
and denoted by FE(8:8) in the figures. The maximum value of the
dynamic pressure g is approximately 55.3 kPa. Also in these fig-
ures shooting results are given for the constrained cases where the
maximum allowable value for the dynamic pressure is 45, 35, and
25 kPa. Finite element results were obtained for all the constraint

1.61

144

q unconstrained; Shooting
v qunconstrained; FE(8:8)
------- max g = 45kPa; Shooting
------------- max q = 35kPa; Shooting
————— max q = 25kPa; Shooting
max q = 25kPa; FE(4:4:4:8)

a
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-
o
{
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T T T T T T T T —
0 100 200 300 400 500
Time (s)
Fig. 7 Flight-path angle history.
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Fig. 9 Dimensionless velocity costate history.

values; however, for clarity in the figures, results will only be pre-
sented for the 25-kPa case. The finite element results are for four
elements in each of the first three phases and eight elements in the
last phase (the one after staging) and are denoted with FE(4:4:4:8).
The dynamic pressure histories are shown in Fig. 5.

Figure 6 shows the normalized altitude profile vs the normalized
velocity. As expected, the vehicle climbs higher more quickly as
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Fig. 10 Angle-of-attack (control) history.

the constraint becomes stricter. Note also that even with the coarse
discretization presented, the finite element results lie essentially on
top of the exact curves. Figure 7 shows the flight-path angle y versus
time. The vehicle is seen to roll over more slowly with the strict g
limit in order to climb out of the atmosphere more quickly. Notice
that the finite element results show some error for the unconstrained
results but appear much more accurate for the constrained case. The
error in the unconstrained case is due to the steep gradient in the
y profile at the initial time. A finer mesh increases the accuracy in
this area.

Figures 8 and 9 give two costate histories for the vehicle and
demonstrate the jump that occurs in these multipliers due to the
internal boundary condition that ¢ = gy;,. Note also that the finite
elements have solved for this jump and the initial costate values
accurately. These values are, of course, critical to the shooting code.

The control history is shown in Fig. 10. The control experiences
large variations due to the changing constraint limits. Once again
the finite element results are less accurate at the initial time due to
the steep gradients there.

Conclusions

In this paper, it has been shown that the finite element formu-
lation is useful for the solution of optimal control problems with
inequality constraints that are functions of the state variables. The
algebraic equations may be defined prior to specifying the dynamics
of the problem, and the solution of these equations may be obtained
quickly when the sparsity of the Jacobian is exploited. The following
has been observed:

1) It is helpful to obtain a converged answer for a small number
of elements and then add elements using guesses obtained from a
previously converged solution.

2) This formulation can be useful in determining the switching
structure for an optimal trajectory.

3) The solution of the finite element equations can provide initial
guesses for a shooting code in order to generate numerically exact
answers.

The application of this method to a constrained booster trajectory
problem has allowed for a family of solutions to be generated and
shooting results to be obtained.
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